ABSTRACT. A result on asymptotic behavior of solutions to a heterogeneous nonlinear reaction-diffusion system with homogeneous Neumann boundary condition is obtained, which improves the results in [5] .
Introduction.
The large time behavior of solutions to systems of nonlinear reaction-diffusion equations, namely, the decay to the spatially homogeneous solutions, was studied by E. Conway, D. Hoff, and J. Smoller [2] . The corresponding heterogeneous case was considered by Y. Su. [5] . This paper improves the main result of [5] .
We consider the heterogeneous system (1.1) ut = (l/e2)DAu + f(x,t,u), (x,i)GfixR+, with initial condition (1.2) u(x, 0) = u0(x), x G fi, and homogeneous Neumann boundary condition (1.3) ^(x,t)=0, (x,t)GdfixR+, on where u G R",fi C Rm is a bounded domain, <9fi is the boundary of Q,d/dn represents the outward normal derivative on dfi,D is an nxn matrix, /:fi xR+ x Rn -y Rn is a nonlinear vector function, and e > 0 is a small parameter concerning the diffusion strength.
We will approximate the solutions of (1.1)-(1.3) by corresponding spatially homogeneous solutions and give the estimate of the "error". (A-3) f(x, t, u) G C1'0'1 (fi x R+ x Rn), i.e., / has bounded first order derivatives with respect x G fi and u G S. Take ¿ = <r/2e2, then 2(-<r/e2 + 6) = -o/e2 < 0. So
HVu|||3(n) < ||Vuo||£,(n)e-<^2 + ^f-jnj, t G R+.
By using (2.5) we get
and hence obtain (2.1).
To prove (2.2) and (2.3), we have PROOF. This is the straightforward result of our above theorem and Theorem
of [2].
3. Remark. Our theorem improves the result of Theorem 1 of [5] . First, condition 2dA -(2M + l)e2 < 0 in [5] is weakened to dX -Ms2 < 0. Second, the "error" term estimated by us is 0(e2), not merely 0(e). Third, the conditions of our theorem do not depend on max{|d/z|:u G E, x G fi, t G R+}, while our conclusions deal with N(t) = max{|d/x|: u G S, x G fi}. In addition, if we consider |fi| as a parameter, then our theorem tells that the "error" term is 0(|fi|1//2+3/m), where m is the dimension of x-space, since A is inversely proportional to the squared diameter of fi [3] .
We note as well that assumption (A-l) can be weakened to the condition that the solution of (1.1) is bounded uniformly in fi x R+.
By the way, we point out that the key inequality in the proof of Theorem 2 (and hence of Theorem 3) in [5] is not true: one cannot deduce |í(í)| < £(0)e-* = (Ne2h)e-f rom dÇ(t)/dt <-it(t), m = -Ne2h ((2.5) of [5] ).
The correct inequality is the converse one |cT(i)| > €(0)6-* = (Ne2h)e-^, which is useless to that proof.
Example.
To illustrate our result, let us consider a heterogeneous reactiondiffusion system of a competitor-competitor model [4] ' dui 1 , d2ui , , . ... . . ,
with initial condition License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Our theorem tells that if uo(x) G E and the diffusion is strong enough, namely, e2 < 4ir2/\/194, then the limit of ||u(x,í) -ü(í)||£,a is no more than v/2e2[7r(7r2-v/Ï94£2/4)]-1 as t tends to infinity.
